JInneiinas aaredopa
Moaynnb 1. Jlunefinble n eBKJINJIOBBI
IpocTpaHcTBa. JInHelinble onepaTopsl B
JIMHETHOM HPOCTPaHCTBe
Jlektimga 1.2

AHHOTaIUA

JInHeitHOE TIO/IITPOCTPAHCTBO, €TI0 CBOMCTBA U IpUMephI. JIuHeitHas 000-
JIOUKa, ee CBONCTBA M MpUMepbl. EBKJIMJIOBO MPOCTPAHCTBO, aKCHOMbBI U
npumepsl. Hepasencrso Ko — Bynsakosckoro. Hopma BekTopa, ee akcu-
oMbl 1 ipuMepbl. Hopmuposantoe mpoctpancTBo. OpToroHabHbIE BEKTOPaA

1 JluHeliHOe ITOANPOCTPAHCTBO

Onpedenenue

Henycroe muoxkectso Ly smneitnoro npocrpancrsa L (Ly C L) Ha-
3bIBAETCs JIMHEMHBIM HOJAIPOCTPAHCTBOM IIPOCTPAHCTBa L | ecin
BBITTOJTHAIOTCS YCIOBUSI:

HVz,ye Li: (x+y) e L,

2Q)Vx e LiuVA € R: Az € Ly.

VYmeeporcdenue

[TonmuOXKeCTBO L1, YAOBIETBOPSIONIEE YCIOBUSIM JAHHOTO OIIpeie ie-
HISI, CAMO SIBJISIETCSI JIMHEHHBIM IIPOCTPAHCTBOM OTHOCUTEILHO OIlepaliii
CJIOYKEHIST 9JIEMEHTOB U YMHOYKEHI Ha IeiiCTBUTE/IBHOE TNCTI0, JeiCTBY-
fomux B L .

Ipumepvt AunetiHbIz NOINPOCMPAHcMs:

1. B yiroboMm JinHeiiHOM IpocTpaHcTBe L Bcerja MMeIOTCsI J1Ba, JIUHel-
HBIX ITOJIIPOCTPAHCTBA: CaMO IIPOCTPAHCTBO L M HyJIeBOE IOJIIPOCTPaH-
CTBO, COCTOSIIIEE 13 OJIHOI'O HYJIEBOT'O 3JIeMEHTa § . DTH IOoIIIPOCTPaHCTBA
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

HA3bIBAIOTCSI HECOOCTBEHHBIMU. Bce ocTalibHble JIMHEHbIE IIPOCTPAH-
CTBa HA3bIBAIOTCSI COOCTBEHHBIMMU.

2. MuoxkecTBO BCexX CBOOOJIHBIX BEKTOPOB, IapaJICIbHBIX JTaHHOI
IIJIOCKOCTHU, 00Pa3yIoT JIMHETHOE TIOIIIPOCTPaHCTBO IIpocTpaHcTBa V3 Becex
CBOOOJIHBIX BEKTOPOB TPEXMEPHOI'O IIPOCTPAHCTBA.

3. B ymneitnom mpoctpanctee M, (R) Bcex KBaIPATHBIX MATPHIL 110~
psKa 1 JUHEHHOe IOIPOCTPAHCTBO 00pPa3yloT BCe CUMMETPUYECKUE
MaTPUIIbL.

Ceoticmsa aunetinozo nodnpocmpaHcmea.:

1. Ecinu eq, e9,..., € - 3JIeMeHThl JIMHEITHOro mpocTrpancTsa Lq, TO
JII00as NX JIMHeHas KOMOMHAIINA A€+ Agea+. . .+ A€} TAKIKE SABJIAETCS
sjieMeHTOM L.

2. PasmepHocTb J1100010 MOAIIPOCTPAHCTBA JIMHEITHOIO IPOCTPAHCTBA
HE IIPEBOCXONUT PA3MEPHOCTI CAMOIO IIPOCTPAHCTBA.

2 JIuHeliHass 000JI0UYKA

Onpedenerue
[IycTh €1, €9, . . ., € - COBOKYITHOCTD 9JIEMEHTOB JIMHEITHOTO TIPOCTPAH-
crBa L . JImHeiiHoit 060/109KOIi 3JIEMEHTOB €1, €9, . . . , €, HA3bIBACT-

Csl COBOKYITHOCTD BCEX JIMHEIHBIX KOMOMHAIMI 9THX 3JIEMEHTOB, TO €CTh

MHOYKECTBO {)\161 + Xoeo + ...+ Arep| N € Ryi = I,_k} [Tpu sTOM rOBO-

PAT, 9TO JINHEiTHAs 0060JI0UKa HATSHYTa HA BEKTODBI €1 €, . . . , €.
O6osnauenne: L (eq, e, ..., ex)

Ceoticmea auretinoti 000A04KU:

1. Ilyctb ey, €9, ..., €, - 3JIEMEHTHI JIUHEITHOTO MpOoCTpancTBa. lorma
suHeitHast obosiouka L (e1, €a, . . ., €)) ABJISETCS JIMHEHHBIM TT0/[IIPOCTPAH-
CTBOM JINHEITHOTO MpOCTPaHcTBa L .
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

2. JIuneitnasg 060109Ka 3JIEMEHTOB €1, €9, . . . , €} SIBJISIEeTCA HANMEHbD-
IITUM TIOJIITPOCTPAHCTBOM, COJIEPKAIIUM STH SJIEMEHTHI.

3. JIroboe JjmmHEiHOE NPOCTPAHCTBO SABJIAETCS JIMHEHHOM 000/109KOi
JII0OOr0 M3 CBOUX 0A3MCOB.

4. Pazmepnocts snHeitHoit obosouku L (eq, es, . . ., €r) paBHA MAKCH-
MaJIbHOMY YHUCJIy JTMHEHIHO He3aBUCUMbBIX 9JIEMEHTOB B CIUCTEME €1, €9, . . .,
e . Ecm sjieMenTr €1, o, . . ., € JUHEHO He3aBUCUMbI, TO PA3MEPHOCTh
JuHeitHON 0060/104uKN L (€1, €, ..., ex) paBHA k, a caMu 9JIEMEHTHI €1, €3,

, e, 0bpasytoT 6aszuc jnHeitHol 0bosouku L (€1, e, . .., €x) .

3 EBKIMA0BO NpPOCTPAHCTBO

Onpedenenue

BerecrBennoe JmHeiinoe mpocTpaHcTBO [ HasbiBaeTcss €BKJIMIO-
BbIM IIPOCTPAHCTBOM, €CJII B 9TOM IIPOCTPAHCTBE MMEETCsl IIPABILIO,
COIJIACHO KOTOPOMY JI000I I1ape BeKTOPOB &,y € F CTaBUTCSA B COOTBET-
cTBHUe JeficTBUTEIbHOE YnC/I0, 0b03HadaeMoe (X, y) 1 Ha3blBaeMoe CKa-
JISPHBIM IIpou3BeZeHneM. [Ipu 3ToM BBHIIOJIHSIOTCS aKCMOMbBI CKa-
JIIPHOT'O IIPOU3BEIEHUS:

1.

) (y, ) - KOMMYTaTHUBHOCTD,

2. (x+y,2) = (x,2) + (y,2) Vz € E - qucTpubyTHBHOCTD,

(z,
(

3. (A\zr,y) = A (z,y) VA € R - accolmaTuBHOCTb,
(z,

4. (x,z) > 0, mpuiem (z,2) = 0 <= = = 0 — HEOTPUIATEIHLHOCTD

CKaJIZAADHOI'O ITPOU3BEACHNA.

Ipumepvl e6xAUIOBVIT NPOCPAHCNG:
. B smmeiineix npoctpancrBax 1 JIIOOBIX CB HBIX BEKTO-
1. B e ocTpancTBax Vo u V3 JoObIX ¢BOOO, eKTO
POB Ha IJIOCKOCTH U B IIPOCTPAHCTBE BBOJIUTCS CKAJIAPHOE IIPOU3BE/IeHE:

(z,y) = |2||y|cosep .
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2. B apudmerndeckom JinHeiiHoM rpocTpancTse R ckassipHoe Tpo-
n3BeJIeHIe 3a1aeTcst POpMyInoit (x,y) = X1y; + ToYo + . . . + TpYn.
3. B smneitnom npocrpanctse C'[a, b] Bcex yHKIuii, HepepbIBHBIX
Ha [a, b], ckassipHOe TIpon3BeieHne 3a1aercst GopMyJIoit
b

@O = [ 2Oy
a
Samevarue
B oaHOoM 1 TOM 2Ke JIMHEHHOM IPOCTPAHCTBE CKAJISIPHOE IIPOU3BEIe-
HUEe MOKHO 3a/IaTh PAa3sHbIMU CIIOCODAMIU.

Teopema (nepasencmeo Kowu-Bynakosckozo)
st mobBIx BeKTOpOB x,y € [E crnpaseuBo HepasencTBo Korrmm-
bynskoBckoro:

(z,y)* < (z,2) - (y,9)

Caedcmeus:
1. HepasencrBo Komu-bynsakosckoro B R"
(mn mepaBencTBo Kormm):

(Z1Y1 4 - - 4 Zoygn)* < (23 +...4+22) (vi+...+12).
2. Hepasencrso Kommu-Bynsikosekoro 8 C [a, b
(nm mepaBenctBo IIIBapia):

(/abx(t)y(t)dt)zS/abe(t)dt-/aby%t)dt.

3. Hepasencto Kommu-Bynskosckoro B Vo 1 Vi:
(@, 9)* < x| - Jy| -

4 HopmMmupoBanHoe OpoCTPaHCTBO

O06001IeHneM TOHATHUST JJTHHBI CBOOOIHOTO BEKTOPA SIBJISIETCSI HOPMA.
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Onpedenerue

[IpaBmio, 3ajlaHHOE Ha, JIMHEITHOM IIpOCTpaHCTBe L, KOTOpOe Kark-
JIOMY BEKTOPY & € L CcTaBUT B COOTBETCTBHE JEHCTBUTEILHOE UHCIIO,
obozHataemoe |||, Ha3bIBaeTCs HOPMOIL, €Cin OHO Y/IOBIETBOPSIET aK-
coMaM HOPMBbI:

L. ||z]| > 0, mpuuem ||z|| =0 <= z =0,
2. ||\x|| = A||z]| VA € R,

3. ||l +yl| < ||z|]| + ||y|| - mepaBencTBO TpEeyrosbHUKA WM HEpa-
BE€HCTBO MUHKOBCKOTIO.

Onpedeserue
JInHeliHOe TPOCTPAHCTBO, B KOTOPOM 3a/aHa HOpMa, Ha3bIBA€TCsl HOP-
MHUPOBAHHBIM IIPOCTPAHCTBOM.

Teopema
JI1060€e eBKJIMI0BO NPOCTPAHCTBO SIBJISIETCS HOPMUPOBAHHBIM, €CJIH

HOPMa, OITPEJIEIsIeTCA PaBEHCTBOM

[zl = v/ (2, z)
Ipumepoi:
1. B eBkimoBsix npoctpanctBax Vo u Vi: ||z|| = |z].
2. B eskumyiosom npocrpatctse R™: ||z|| = /a2 + ... + 22.
3. B eBksmyosom npocrpanctse C [a, b]: ||z|| = f; x? (t)dt .

Sameuanue 1
Ucnonb3ys nopMmy, HepaBencTBo Komm-ByHAIKOBCKON0 MOXKHO 3aITi-

caTb B BHUJIE
(2, ) < lzll - [yl
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Samevarnue 2
YToJ1 ¢ MeXKJy BEKTOPaAMU X 1 Y MOXKHO OIIPEJIEIUTh U3 PABEHCTBA,
(z,y) (z,v)

Izl Tyl /(2 2) /(. v)

cosp =

5 OproronajbHble BEKTOPA

Onpedenerue

/IBa HeHyJIEeBLIX BEKTOpa €BKJNIOBA IMPOCTPAHCTBA T,y € I Ha3bl-
BAIOTCsl OPTOTOHAJBHBIMHU, €CJII UX CKAJSIPHOE IIPOM3BeIeHNe PaBHO
HYJTI0, TO ecThb (x,y) = 0.

Onpedenenue

Cucrema HEHYJIEBBIX 3JIEMEHTOB 1, . . ., Ty €BKJINJIOBA ITPOCTPAHCTBA
HA3bIBAETCsl OPTOTOHAJILHOM CHUCTEMOIA, ecyii JioOble JBa JJIEMEHTa,
9TOfl CHCTEMBI OPTOTOHAJIBHBL, TO €CTb (X, ;) = 0,1 # j, i,] = 1,n.

Onpedeaenue

CucreMa HEHYJIEBBIX 9JIEMEHTOB X1, . . . , Ty €BKJIUJI0BA IIPOCTPAHCTBA,
HA3bIBAETCsl OPTOHOPMHUPOBAHHOI CHCTEMOI, eciin JI0Oble dJIeMeH-
TBI 3TOI CHCTEMBI IIOIAPHO OPTONOHAJLHBI U HOPMa, KayKJ0r0 3JIeMEeHTa
paBHa 1, TO ecTb
(xhxj) - (1)’; f%
9 _]7
Teopema

Jltobasi oproronaibHast (OPTOHOPMUPOBAHHASI) CHCTEMa HEHYJIEBBIX
9JIEMEHTOB JIMHEITHO He3aBUCHMA.

Caedcmeue
B n-MepHOM eBKJIMJ0BOM IPOCTPAHCTBE JIE0Oasi OPTOroHasbHast (op-
TOHOPMUPOBAHHAsI) CHCTEMa U3 7 9JIEMEHTOB obpasyeT Oasuc.
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