JInneiinas aaredopa
Mojynb 2. Jluneiinble onepaTopn! B
eBKJIIJIOBOM IIPOCTPAHCTBE.
KpanpaTnanbie popMbl
Jlektimga 2.1

AnHOoTaua

CorpsizKeHHbIE U CAMOCOIPSI?KEHHBIE OIIEPATOPhI, UX CBOWCTBa U IIPU-
Mepbl. OpTOroHa/IbHasT MATPUIIA U OPTOTOHAJIBHBIN OIepaTop, UX CBOCTBA
u npuMepsl. /Jlnaronajamsanusg CMMMETPUYIECKONH MAaTPHUIIBI OPTOrOHATLHBIM
IpeoOpPa30BAHUEM.

1 ConpsizkeHHbIE 1 CaMOCOIIPsI2KEHHbIE OIle-
paTophI

HyCTb E - KOHEYHOMEPHOE €BKJINI0BO IIPOCTPaHCTBO.

Onpedenerue

Oneparop A* : E — F Ha3biBaeTcsd CONPSIXKEHHBIM JITHEITHOMY
oreparopy A : E — FE, ecin i JiFOObIX BEKTOPOB X,y € E BBIIOJIHS-
ercst pasenctso (Az,y) = (x, A'y).

VYmeeporcdenue
Omneparop A*, conpsizKeHHbII JIMTHEITHOMY oriepaTopy A, siBJIsSIeTCsT JIn-
HEHHBIM.

Teopema

JIrobomy nmueiinomy oneparopy A : E — E cOOTBETCTBYeT eiH-
CTBEHHBIN comlpsizKeHHbIil orepaTtop A* : E — FE, npudem marpuiei
COTIPSIZKEHHOTO orepaTtopa A* B 1060M 0pTOHOPMUPOBaHHOM Oasuce {e}
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

SIBJISIETCSL TPAHCIOHUPOBAHHAA MATPUIA UCXOIHOIO oneparopa A B ToM
Ke opToHopMupoBanHoM basuce {e} : A* = AT,

Csoticmea conpAiceno20 onepamopa.:

1. («A)" = aA* a € R.

2. (A*)" = A.

3. (A+B)" = A* + B*.

4. (AB)" = B*A*.

5. Ecin yinHeitHbIi onepaTop A HEBBIPOXK/IEH, TO COIPSI?KEHHBI ¢ HUM
ortepaTop A* Takke HEBBIPOXKEH U BBIIOJIHIAETCS PaBEHCTBO (Afl)* =

(A5~

Onpedeserue

Jluneitnplit oneparop A : F — F Ha3bIBaeTCs CAMOCONPSA>KEHHbBIM
(win cumMeTpudeckuM), eciin A* = A, 10 ecTh 115t JIIOOBIX BEKTOPOB
x,y € F Bomosnsercs paBenctso (Ax,y) = (x, Ay).

Ipumepot
Camocornpsizkennble onepaTopsl: O — HysteBoii oneparop, [ - eaquHmd-
HBIIT oIlepaTop.

Csoticmea camoconpatcento20 onepamopa:

1. [Ist Toro, 9To0bI JIMHEHHBII omiepaTop A ObLIT CaMOCOIPSIZKEHHBIM
HEOOXOIMMO ¥ JOCTATOYHO, YTOOLI ero Marpuia A B KaKOM-Iub0 opTo-
HOPMIPOBAHHOM baznce 6bLTa cuMMerpudeckoil, T.e. A = AT

2. XapaKTepucTuiecKoe ypaBHEHUE CaMOCOIPSZKEHHOTO OllepaTopa
nMeeT TOJIBKO JIefiCTBUTE/IbHbIE KOPHU.

3. CobcrBeHHBbIE BEKTOPBI CAMOCOIIPSIKEHHOI0 oriepaTopa A, orBeva-
IOI[1Ee Pa3HbIM COOCTBEHHBIM 3HAUYEHUSIM, OPTONOHAJIbHBI.

4. Ilycts A - camoconpsizKeHHBIIT OIlepaTop N-MEpPHOro eBKJINI0BA
npocTpancTsa E u Ay, ..., A\, — [ONApHO pa3jndHble COOCTBEHHDbIE 3HA~
YeHUsi 9TOro oreparopa. lorjga B E cyllecTByeT OpTOHOPMUPOBAHHBIM
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

6a3muc, B KOTOPOM MATPHUIla 3TOTO JIMHEHHOTO olepaTopa MMeeT JTHaro-
HaJIBHBIN BUJI, & JIMArOHAJbHbBIE 3JIEMEHTBI TaKOl MaTPHUIIbI — COOCTBEH-
HbIe 3HAYEHUSI.

5. Jljist J1:000r0 caMoCOIpPs»KeHHOIro onepaTopa A cyliecTByeT opTo-
HOPMUPOBAHHBII 0a31c, COCTOSAINI M3 COOCTBEHHBIX BEKTOPOB Ollepa-
topa A. Marpuma juHeiiHoro oneparopa A B 3TOM 0asuce umMeer Jna-
rOHAJIbHBIA BHUJ, Ha JHAlOHAJN PACIIOJIOXKEHbI COOCTBEHHBIE 3HAUEHIS
orieparopa A, IIOBTOPSIONINECs] CTOIBLKO pa3, KAKOBa UX KPATHOCTD.

6. Ectm A — cummerpuyeckasi MaTpuiia MOPSAIKa 7, TO CYIIECTBYET
TaKasl HEBBIPOXKJeHHasg Marpuia 1 mopsiaka n, uro 1T 'AT — nmaro-
HaJIbHAsI MaTPUIlA C JIMArOHAJbHBIMU 3JIEMEHTAMHU B BHJIE COOCTBEHHBIX
3HAYEHU A1, ..., A, Marpuilbl A caMocompsizkeHHOro oreparopa A.

2 OproronajbHble MAaTPUIbl 1 OPTOTOHAJIb-
HbIe OIlepaTOPhI

Onpedenenue
Kpaaparnyio marpuity () Ha3bIBAIOT OPTOrOHAJILHOM, €CJII OHA YII0-
BJIETBOPSIET YCJIOBIIO

Q'Q=QQ" =E, (1)

rae E - equnnaHas MaTpuUIia.

IIpumepovi

1) Ipocreiitieit opTOroHAJBLHOI MATPHIIEH ABJISETCS €UHIIHAS MaT-
puna F, tak kak ETE = FET = E. Hanporus, Hy/JeBas MaTpUIa He
apnsercs oproronansnoii: 070 = O #£ E.

2) Marpura U = cose —smp

SINY  CoSy

JIsieTcsl MaTpulleil TUHeHHoro oreparopa MoBOPOTa BEKTOpa Ha (DUKCH-
POBaHHBI{T YTOJI (0 IPOTHB YacoBoitl cTpesku B basuce {i,j}.

oproronajbias. Marpuna U aB-
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

Csoticmea opmo20nasbHblr Mampuy

1. Onpegenuresib OpTOrOHAIBHON MATPHUIIBI () MOXKET UMETH OJIHO 13
JIBYX BO3MOXKHBIX 3HadeHuit: det) = +1 uau det() = —1.

2. Marpuiia, obpaTHasi K OpTOrOHAJILHOI MaTpuiie (), COBIIaIaeT C ee
TPAHCIIOHIPOBAHHOIN Marpuieit, To ectb Q1 = Q7.

3. Marpuiia, TpaHCIOHUPOBaHHAasI K OPTOI'OHAJIBHON MaTpPHIE, TOXKE
ABJIACTCS OPTOrOHAJILHOI.

4. IlpoussejieHue JIBYX OPTOrOHAJLHLIX MaTpull () u U ojHOoro mo-
pAIKaA ABJIACTCA OPTOrOHAJILHON MaTpPUIICH.

5. Marpuma, obpaTtHas K OpTOTOHAJILHOI MaTpHUIle, TOXKE SABJIAETCH
OPTOTOHAJILHOIA.

Onpedenenue

JIuneiinblit onepatrop A : E — F eBK/IWJI0Ba MpOCTpaHcTBa F Ha3bI-
BACTCSI OPTOTOHAJIBHBIM OMEPATOPOM (Ui OPTOTOHAJILHBIM ITpe-
oOpa3oBaHUEM ), eCJIi OH COXPAHSET CKaJIsIpHOE Tpou3Be/ieHne B F, To
ectb Vx,y € F Bomosasiercs pasencrso: (Azx, Ay) = (z,y).

Samevarue
OproroHa/bHBII OIIepaToOp COXpaHsSeT HOPMY 3JIEMEHTOB €BKJ/IMI0BA
[IPOCTPAHCTBA W YIOJI MEKJLy HIIMI.

Teopema 1.

Ecin ynmueitasrit onepatop A : E — FE coxpanger HOpMY B E, TO
ectb ||Azx| = ||z|| Vo € E, 10 510T 0O1IE€paTOP OPTOrOHAIBHBIIL.
IIpumep

B npocrpancrBax Vs, V3 simHeiHBII oniepaTop MOBOPOTa BEKTOpa Ha
(pUKCUPOBAHHBIN YTOJT ABISIETCA OPTOTOHAJILHBIM, TaK KaK IPU TTOBOPOTE
JUINHBI BEKTOPOB HE N3MEHSIOTCS.
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

Teopema 2.

Omneparop A : E — FE gBjsercsd OpTOrOHAJLHBIM TOIJIA U TOJIBKO
TOIJIa, KOIJjla OH IEePEBOJIUT JII0OOH OpTOHOPMUPOBAHHBIN Oa3UC B OPTO-
HOPMUPOBAHHBIN Da3MC.

Teopema 3.

Marpuiia opToroHaJibHOIO olepaTopa B JII0OOM OPTOHOPMUPOBaAHHOM
6a3uce opToroHaJibHa, 1 Ha0OopoT. Ec/in MaTpuiia JIMHEITHOro orepaTopa
B HEKOTOPOM OPTOHOPMUPOBAHHOM 0asnce OPTOrOHAJLHA, TO 9TOT OIle-
pPaTop SIBJISIETCSI OPTOrOHAJIBHBIM.

Teopema 4.

Matpumna U gaBisgercs maTpureil mepexoja oT 0JJHONO OPTOHOPMUPO-
BaHHOI'O 0a31ca KOHEYHOMEPHOI'0 €BKJIMJIOBA IIPOCTPAHCTBA K JAPYyrOMY
OPTOHOPMHUPOBAHHOMY 0a31Cy TOIO »Ke IIPOCTPAHCTBA TOIJA U TOJIBKO
Torja, Korja Marpuiia U gBiisieTcss OpTOrOHAJIBHOI.

VYmeeporcdenue
OrnepaTop, oOpaTHBIl K OPTOrOHAJIBHOMY, TOXKE SIBJISIETCS OPTOIO-
HAJILHBIM.

Samevanua:

1. CyMmMa opTOroHaJIbHBIX OIEPATOPOB B OOIIEM CJIydae He SBJISIeTCS
OPTOTOHAJILHBIM OIIEPATOPOM.

2. IlpousBeenne opTOroHaIbHBIX OIIEPATOPOB €CTh OPTOTOHAILHBIM
orepaTop.

3. KopHm xapakTepucTinieckoro ypaBHeHUsl OPTOIOHAJIBHOIO Ollepa-
Topa paBHbI *1.
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

3 /IlmaroHaamzalnusg cCUMMeTPUYECKOI MaTpu-
IIbI OPTOIrOHAJIbHBIM IIpeodpa3oBaHUEM

PaccmoTpuM mmponsBosibHOE eBKJINI0BO IpoctpaHcTBo F. Ilycts A,
n Ay - Marpuie! jnHeiinoro oneparopa A : E' — E B 6azucax {e} u {f}
cooTBeTCTBeHHO. OHM CBA3AHBI COOTHONIEHUEM:
_ -1
Af— e_>f'Ae'Te—>fu <2>

e T,y — MaTpuIa nepexosia or 6asuca {e} x 6asucy {f}.
Ecmm 6asucer {e} u {f} aBiagiorcs opTOHOPMUPOBAHHBIMU, TO MAT-

puna 1., sIBIAETCA OPTOIOHAJBHOIL, T.e. Tej ;= T eT L f Torna coorHo-
menne (2) MOYKHO 3aIlUcaTh B BUJIE:
Ap =T, ;- A Ty, (3)

- OPTOroHaJIbHOE Mpeodpa3zoBaHMEe MATPUIBI A,.

CorracHO CBOMCTBY 6 caMOCOIIPSIZKEHHOTO oreparopa, ecan A — cum-
MeTpuYecKasi MaTpUIa HOPsIIKa N, TO CYIIEeCTBYeT TaKasi HEBBIPOZK ICH-
nag Marpuna U nopsaaxa n, uro U 'AU - nnmaronajbHasg MaTpHUIA C
JIMaroHa/IbHBIMU dJIEMEHTaMI B BHUJIe COOCTBEHHBIX 3HAUCHUI Aq, ..., A,
MaTpuibl A caMoconpszKeHHOro oneparopa A.

Teopema .

st 110001 cuMMeTpIIecKoii MaTpuIlbl A CYyIIeCTBYeT Takasi OPTO-
ronanbiasg mMarpuna U, uro UTAU = A, rne A = diag (\y,..., \) -
JMaroHaJ bHass MaTpHIla, JUANOHAJBHBIME JIEMEHTAMU KOTOPOM sIBJIsI-
IOTCs COOCTBEHHbIE 3HAYEHUsT MATPHUILI A, TOBTOPSIIOIIIECST COIVIACHO UX
KPATHOCTH.

Taxum oOpazoM, J1I00yI0 CUMMETPUYIECKYIO MATPHUILY OPTONOHAHLHBIM
peoOpa30BaHIEeM MOYKHO MPUBECTH K JUATOHATLHOMY BUJTY.
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Cxrema 0pmo20nasbho20 Npeodpasosanus CUMMEMPUYECKOT MAMPULDL
A:

1) HaiiTu cOOCTBEHHBIE 3HAYCHUST MATPUIBI A U3 pereHust XapakTe-
puctudeckoro ypasuenns |[A — AE| = 0;

2) JITs KayKJI0r0 COOCTBEHHOTO 3HAYEHUS A1, . . . , A, HAWTH HAOGOD COO-
CTBEHHBIX BEKTOPOB 13 perienus oguopoanoit CJIAY (A — AE) X = 0,
COOTBETCTBYIOIINX 9TOMY COOCTBEHHOMY 3HAYEHUIO, IIPU ITOM 3TU COD-
CTBEHHbIE BEKTOPbBI JOJIZKHBI ObITh JIMHEHIHO HE3aBUCHUMBIMU M UX KOJIM-
YeCTBO JIOJIPKHO PaBHATHCS KPATHOCTU COOCTBEHHOI'O 3HAYCHMUS;

3) mpeobpazoBaTh CUCTEMbI COOCTBEHHBIX BEKTOPOB B OPTOHOPMEPO-
BaHHBbIE IIPU IIOMOIIU IIpoliecca oproronasus3amnuu ['pama — IImura.
O0beIMHATL OPTOHOPMIPOBAHHBIE CICTEMBI JIJIs KarK10I'0 COOCTBEHHOTO
3HAUEHUS B €JIMHYI0 CHCTEMY BEKTOPOB, KOTOpas Oy/eT OPTOHOPMUPO-
BaHHBIM 0A3MCOM €BKJINJIOBA IIPOCTPAHCTBA;

4) zanucarb MaTpuity U, cTobramMun KOTOPOit sIBISIOTCS KOOPIHHATHI
BEKTOPOB ITOCTPOEHHON OPTOHOPMUPOBAHHON CUCTEMDI;

5) 3amnmcarb JAUArOHAJBHYIO MaTpuily A, sjeMeHTaMu IJIABHON ua-
rOHaJIN KOTOPOIl SIBJISTFOTCS HalileHHbIe COOCTBEHHbBIE 3HAUEHUST MATPUIIBI

A,
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