JInneiinas aaredopa
Moaynnb 1. Jlunefinble n eBKJINJIOBBI
IpocTpaHcTBa. JInHelinble onepaTopsl B
JIMHETHOM HPOCTPaHCTBe
Jlektima 1.1

Anborarus

BemecTBennoe uHeiinoe MpoCcTpaHCTBO, AaKCHOMBI U TPUMepHI. JImHeit-
HO 3aBHUCHMbIE W JIMHEITHO He3aBUCHUMbIE BEKTOPLI. basnc m pasmepHOCTb
JIMHEHOTOo MpocTpancTia. [lepexon Kk HoBoMy Oazucy.

1 BerlecTBeHHOe JINHEITHOE IPOCTPAHCTBO

Onpedenenue
MuoxkecTBO L 371eMeHTOB JTI0060i1 TPUPO/IbI HA3LIBAETCS BEIIeCTBEH-
HBIM JIMHEMHBIM IPOCTPAHCTBOM, €CJIU BBIIOJIHEHBI TPH YCIOBHA:

1. 3ajaHo cjioxKeHue 3JeMeHTOB L | TO eCcThb 3aKOH, [0 KOTOPOMY JIFO-
ObIM 9JieMeHTaM T,y € L CcTaBUTCsI B COOTBETCTBUE JIEMEHT Z =
(r +y) € L , HasbiBaeMblii CyMMOIA.

2. 3aj1aHO YMHOYKEHUE 9JIEMEHTa Ha YHICJI0, TO €CTh 3aKOH 110 KOTOPOMY
JToboMy 3jieMeHTy x € L um jrobomy uuciay A € R craBuTcs B CO-
OTBETCTBHUE IJIEMEHT 2 = A\xr € L |, Ha3bIBaeMblil ITpOU3BeJeHuEM
3JIEMEHTa Ha YHUCJIO.

3. YKa3aHHbIE 3aKOHBI (JIMHEHHBIE ONEpAIlN) MOJMIUHAIOTCS AKCHO-
MaM JIMHEWHOI'O IMMPOCTPAHCTBA:

a) CJIO2KeHII€ KOMMYTaTUBHO: & + Y = Y + X,
0) cioxkenne acconuaTuBHo: (x +y) + 2 = x + (y + 2),
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

B) 30 € LVx € L: x + 60 = z, 0 - nysesoii s/ieMenT,

r)Ve € L 3(—x) € L: x4+ (—x) = 0, (—x) - 971eMEHT, MPOTHBOIIO-
JIOZKHBII 3JIEMEeHTY T,

mnx-l=xVrel,

€) YMHOXKEHHEe Ha 9ncjio accoruaruBHo: A (uxr) = (Ap) x Vo € L,

K) JUCTPUOYTUBHOCTb YMHOXKEHUsT HA IHCJI0 OTHOCUTEBHO CJIOZKe-
Hust 9y1eMeHTOB u3 L: A\ (x +y) = Ax + Ay Vo, y € L, VA € R,

3) AUCTPUOYTUBHOCTH YMHOYKEHUST Ha THUCJI0 OTHOCUTEIHbHO CJI0ZKEHUST
ances u3 R: (A + p)x = x + px Vo € L, VA, 1 € R.

Onpedenerue
DJIEMEHTBI INHEITHOTO MTPOCTPAHCTBA HA3BIBAIOTCS BEKTOPAMM 1 000-
3HAYAIOTCSI CTPOYHBIMU OYKBaAMU X, ¥, Z, ....

Ipumepvl AUHETHBLT NPOCMPAHCTNE:

1. MuoxkectBa V3 n V5 Bcex cBOOOIHBIX T'€OMETPUYECKUX BEKTOPOB B
npoctpancTse R3 1 Ha mrockoetn R? co CTaHIapPTHBIME JINHEHBIMI
olepalnusgMi HaJl BEKTOPAMIH.

2. MuoxectBo M,k (R) MaTpur pasmeprocT m X k, vjie sjieMeHTaMu
MATPHUIL ABJSIOTCS JIeHCTBUTEIbHBIE TUCIA.

3. MuoxectBo P, () — MHO?KECTBO MHOT'OWJICHOB [IEPEMEHHOI & U CTe-
[IeHY, He IIPEBLIIIAIONIei n .

4. Muoxecrso C'la,b] dyHKIMil, HEPepBIBHBIX Ha OTpeske |a,b], ¢
OOBIYHBIMU OIICPALUSIME CJIOXKeHUsT (PYHKINI U yMHOXKeHnd (PyHK-
[l HA YUCJIO.
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

2 JluneiiHas 3aBUCUMOCTH BEKTOPOB

Onpedeaenue

Cucrema BEKTOPOB X1, X3, ..., Ty B JUHEHHOM IpocTpaHcTBe L Ha-
3LIBACTCS JIMHEMHO 3aBUCUMOI, €CJIN CyIeCTBYeT HeTPpUBHUAJIbHAS JIN-
HeffHast KOMOMHAIINS 9TUX BEKTOPOB, PaBHAasi HYJIEBOMY BEKTOPY, TO €CTh
CYHIECTBYIOT YUCTA A1, A2, . .., Ay € R, OJTHOBPEMEHHO HEe paBHbIE HYJIIO,
JIJIsT KOTOPBIX BBIITOJIHSIETCST PABEHCTBO \1X1 + Aoy + ... + A\, = 6.

Onpedenerue
Bekropwl x1, 9, ..., T, JAHEHHO HE3aBMCUMbBI, €CJIH TOJHKO NX
TpUBHAJIbHA JUHeHAass KOMOUHAIMSI paBHa HYJIEBOMY BEKTODY.

Teopema (xpumepudl AuretHotl 3a6UCUMOCTIU 6EKMOPOS)

[L71s1 TOro 9T0obbI CCTEMa BEKTOPOB L1, Lo, . . . , Ly ObLIA JUHEIHO 3a-
BHCHMa, HEOOXOAMMO M JIOCTATOYHO, YTOOBI OJUH U3 BEKTOPOB CUCTEMbI
ABJISLJICA JIMHEIHOM KoMOMHAIIel OCTa/ILHBIX:

=M1+ ... FANxigFANari o AT,

Caedemeus

1. Ecim cpesin BeKTOpPOB 1, To, . .., T, € L ecTb HYJIEBOI BEKTOP, TO
9Ta CUCTEMa BEKTOPOB JIMHEITHO 3aBUCUMA.

2. Ecan cuctema BEKTOPOB COJIEPKUT JIMHEITHO 3aBUCUMYIO TI0JICUCTE-
My, TO OHa JINHEIHO 3aBUCHMA.

3. Ecnmm cucrema BeKTOpPOB JIMHENTHO HE3aBUCUMA, TO 1 JTI00As ee MOo/I-
cucTeMa TOXKe JIMHEHHO He3aBUCHUMA.

4. Ecim BeKTOpHI €1, €2, . . . , €, JIMHEHOro npocTpancTsa L JuHeiiHo
HE3aBUCUMBI 1 BEKTOp § € L He sBJIsgeTcd MX JUHEHHON KoMOWHAIMel,
TO pacUIMPEHHAd CUCTEMa BEKTOPOB €1, €3, . ..,€,, S ABJdeTcd JUHeiiHo
HE3aBUCUMOIL.
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

3 baszuc JuHeliHOro MpoCcTpaHCTBA

Onpedeaenue

Bazucom jnneitnoro npocrpancTsa L Ha3bIBAIOT JIIOOYIO YIIOPSIIO-
YEHHYIO CUCTEMY BEKTOPOB 9TOI0O IIPOCTPAHCTBA, JIJId KOTOPOIl BBIIOJIHE-
HBI JIBa yCJIOBUI:

1) 9Ta CHUCTEeMa BEKTOPOB JIMHEIHO He3aBUCUMA,

2) /1100011 BEKTOP B JINHEITHOM IIPOCTPAHCTBE MOXKET OBLITH IIPEJICTaB-
JIEH B BUJIE JIMTHEHTHON KOMOMHAIINN BEKTOPOB 9TOI CUCTEMBL.

Onpedenerue

IIyctb by, b, ..., b, - Oasuc B L, Torga Jo0o0it BeKTop x € L MOXK-
HO IIPEJICTaBUTbL B BHUae T = x1by + x9bo + ... + x,b,. D10 paBeH-
CTBO €CTh pa3JioXKeHue BeKTopa r 1o 06a3ucy by, bs, ..., b,, a ducia
x1,To,...,T, - KOOpAUHATHI BEKTOPaA T B JaHHOM Oa3uce.

Teopema (0 eduncmeennocmu pasnodicenus)
B jsineitnoM TpoCTpaHCTBe pa3/ioykenne JiloO0ro BEKTOpa 1o JIAHHOMY
6a3uUCy eJIMHCTBEHHO.

bazuc by, bo, ..., b, B JaHHOM JINHEITHOM IIPpOCTpaHCTBE L 3allichiBa-
I0T KaK MaTpPHUILY-CTPOKY

(b} = (b by ... by),

a KOOpJHHAaTBI BEKTOPa I - KaK M&TpI/IHy—CTOJI6€LL

L1
x
X=1""
Ln
Torna pasioxkeHnne BeKTopa x 1o 6a3ucy by, bs, . .., b, MOXKHO 3aIn-
caTh KakK IPOU3BEJIeHIIe MaTPUIILI-CTPOKH Ha, MATPUILY-CTOJIOEL:
r={b}X.
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

Teopema (aunetinve onepayuu Had 6eKmopamu 6 3adanHoM bazuce)
[Ipu cioxkeHun JitoOBIX JIBYX BEKTOPOB B JINHEHHOM ITPOCTPAHCTBE UX

KOOPJIMHATHI B OJHOM U TOM 2Ke 0a3uce CKJIaJIbIBAIOTCs, a IPU YMHOZKe-

HIUM BEKTOpa Ha YUCJIO €0 KOOP/IMHATHI YMHOKAIOTCS Ha 9TO YUCJIO.

B marpuanom BujIE:

(B} X + {0} Y = {b} (X +Y) u A{b} X = {b} (AX).

Caedecmeue

JluHeiiHast HE3ABUCUMOCTD (3aBUCUMOCTD) BEKTOPOB JIMHETHOTO PO~
CTPAHCTBA SKBUBAJECHTHA JIMHEHHON HE3ABHCHMOCTH (3aBUCHMOCTH) HX
KOOP/IMHATHBIX CTOJIOIOB B OJHOM U TOM Ke Oasuce.

4 Pa3MepHOCTb JIMHEITHOIO0 IPOCTPAaHCTBA

Onpedeserue

MaKCI/IMaﬂbHOe KOJINYECTBO JIMHEMTHO HE3aBUCUMBIX BEKTOPOB B JdaH-
HOM JIMHEHTHOM IpocTpaHcTBe L Ha3bIBaeTcss Pa3sMepPHOCTbIO JIMHeli-
HOT'O ITPOCTpPaHCTBa L.

Obozuauenne: dimlL.

Cy1iiecTByI0T JIMHEHbIE IPOCTPAHCTBA, B KOTOPBIX JIMHEIHHO He3aBH-
CHUMbI€ CUCTEMBI CoJepzKaT OECKOHEUHOe KOJINIEeCTBO BEKTOPOB. DTH IIPO-
cTpaHCcTBa DeckoHedTHOMepHBbIe. Mbl Oy1eM paccMaTpuBaTh N-MepHbIE
JIMHEHHBIE TTPOCTPaHCTBA, KOTOPhIe HA3BIBAIOTCH KOHEYHOMEPHbBIMU.

Teopema
Ecmu nuneitnoe npoctpancTBo L n-MepHO, TO Ji00ast JUHEHHO He3a-
BHCHMasl CUCTEMa U3 7 BEKTOPOB sIBJISIETCA €ro 0a3MCOM.
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

Teopema
Ecyin B iuHeiiHoM npocTpaHcTBe L cylecTByeT 6a3uc U3 n BEKTOPOB,
To dimL = n.

5 Marpuna nepexoga K HOBoMYy 0a3ucy

B simneiinom mpocrpancTBe Bee 0a3nchl paBHOIpPaBHLL. VHOra yi106-
HO JIJIsA [IPEJICTABJICHEST 9JIEMEHTOB JINHEHHOTO IIPOCTPAHCTBA HCIIO/IB30-
BaTh HECKOJIbKO OasncoB. Ho Toryia Bo3HmKaeT 3a/ada mpeobpasoBanns
KOOD/IMHAT BEKTOPOB, CBsI3aHHAsST C M3MEHEHneM Hasuca.

[IycTh B m-MepHOM JmHeiHOM mpocTpancTBe L 3a1anbl jaBa basnca:
crapoiit {e} = (ey,...,e,) uw nosbtit {f} = (f1,..., fn). Jloboit Bex-
TOP MOYKHO Pas/IoKHUTh 1o Oaszucy {e}. B gacrnocrn, oboii BekTOp n3
basuca {f} MOkHO paznmoKuTh 110 Hazucy {e}:

fl = (d11€1 + 91€9 + ...+ ap1€n,
f2 = (¥12€1 + 92€9 + ...+ Op2€n,

Koaddunuentol o;; arux pasnozxkenuii oOpasyorT MaTpuIly

a1l i ... Qip

Qo1 Qg ... Qap
Te%f: . o . e . .« o . . o ’

Qp1 Qp2 ... Qpp

KOTOpas sABJIACTCA MaTpHIei mepexofa ot Oasuca {e} k basucy {f}.

3aMeTuM, 9To ¢ -bIil CTOJIOCI] MATPUILLI TIEPEX0/Ia ABJSIETCA CTOJIOIOM
KOOPJIMHAT BEKTOpa f; OTHOCHTEILHO CTaporo 6asmca. Takum obpasom,
MaTpHIla Tepexojia COCTOUT U3 KOOPJMHAT BEKTOPOB HOBOIO Oas3uca B
CTapOM, 3alUCAHHBIX 110 CTOJIOIAM.
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MI'TY um. H.9. Baymana Kadeapa “Bricimas maremaTnka’

Csoticmsa mampuuroz2o nepexoda:

1. Coorrorrerne (1) MOXKHO 3aICaTh B MATPHIHOM BH/IE:

(Y =1{e} Ty

2. Ecom T — marpuna nepexoja ot 6asuca {e} x 6azucy {f}, To
obpaTnast Mmarpuiia T~ sBjgercs MaTpuneil nepexo/ia ot Gasuca { f} K
basucy {e} .

3. Ilycrs nanet 6asucet {e}, {g}, {f}, rorma Ty =Torys - Thsy

Teopema (npeobpasosarue Koopduram 6exKmopa npu Nepexode om cma-
po2o 6asuca K Ho6oMY)

[Tycts X, - mMarpuia-crosider, KoopanHar BekTopa = B basuce {e},
X - marpuna-crosber; koopunar Bekropa = B 6asuce {f} . Torma xo-
op/iMHaTHl BekTOpa T B 6asmncax {e} u {f} cBasanbl cooTHOIIEHIEM

Xez eg)f'Xf.
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